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Abstract
In this work we analyze the solutions of a p-Laplacian equation with homogeneous Neumann
boundary conditions set in a family of rough domains with a nonlinear term concentrated on the
boundary. At the limit, we get a nonlinear boundary condition capturing the oscillatory geometry
of the strip where the reactions take place.
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1 Introduction
We analyze the asymptotic behavior of solutions of a quasilinear equation with homogeneous Neumann
boundary conditions set in a family of rough domains Ωε ⊂ Rn+1 with a nonlinear term concentrated
on a neighborhood Oε ⊂ Ωε of the boundary ∂Ωε. We consider
Ωε =
{
(x, y) ∈ Rn+1 : x ∈ ω,−1 < y < εψ(x) g(x/ε)
}
, 0 < ε≪ 1, (1)
where ω ⊂ Rn is a bounded smooth domain,
(HD) g : R
n 7→ R is a strictly positive function, Lipschitz, periodic in the unitary cube [0, 1]n with
0 < g0 ≤ g(x) ≤ g1. Also, we take a C
∞-function ψ : Rn 7→ R, 0 ≤ ψ ≤ 1, with compact support in ω.
Concerning to the narrow strip Oε we set
Oε = {(x, y) ∈ Rn+1 : x ∈ ω, ε[ψ(x)g (x/ε)− εγh(x, x/εβ)] < y < εψ(x)g (x/ε)} (2)
(HT) γ > 0 and β ≥ 0 are constants, h : ω ×R
n 7→ R is a C1-function, nonnegative, bounded with
bounded derivatives. Also, we take h(x, ·) : Rn 7→ R periodic in the unitary cube [0, 1]n for all x ∈ ω.
Notice Ωε uniformly converge to the cylinder Ω = ω × (−1, 0) and Oε degenerate to the interval
(0, 1). Moreover, we allow both to present oscillatory boundary due to the periodicity assumptions on
functions g and h modeling roughness. Parameters β and γ set respectively the roughness order of Oε
and its Lesbegue measure.
We analyze the solutions of the problem∫
Ωε
{|∇uε|
p−2∇uε∇ϕ+ |uε|
p−2uεϕ}dxdy =
1
εγ+1
∫
Oε
f(uε)ϕdxdy, ϕ ∈W
1,p(Ωε) (3)
which is the variational formulation of the quasilinear equation{
−∆puε + |uε|
p−2uε = 1/ε
γ+1χOεf(u
ε) in Ωε
|∇uε|
p−2∂νεuε = 0 on ∂Ω
ε
(4)
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where νε denotes the unit outward normal to the boundary ∂Ωε, 2 ≤ p <∞ and∆p· = div
(
|∇ · |p−2∇·
)
is the p-Laplacian differential operator. Also, χOε is the characteristic function of O
ε and
(Hf ) f : R 7→ R is a bounded function with bounded derivatives.
Notice we are in agreement with previous works as [2, 3, 5] using the characteristic function χOε and
term 1/εγ+1 to express concentration on Oε. Our main goal here is to improve [1, 4, 6, 8] dealing with
a p-Laplacian equation in a perturbed n+ 1-dimensional domain presenting roughness on boundary.
The limit equation to (4) is the p-Laplacian problem with nonlinear Neumann boundary condition

−∆pu+ |u|
p−2u = 0 in Ω
|∇u|p−2∂νu = 0 on ∂Ω \ Γ
|∇u|p−2∂νu = µ(x) f(u) on Γ
(5)
where Ω is the cylinder ω × (−1, 0), Γ = ω × {0} is the upper boundary of Ω, and µ : ω 7→ R is set by
µ(x) =
∫
[0,1]n
h(x, s) ds. (6)
The effect of the geometry of Oε is captured by function µ which is the mean value of h(x, ·) in
[0, 1]n for each x ∈ ω. On the other hand, under prescribed conditions, the rough domain Ωε does not
affect the limit problem in an effective way. We have the following result.
Theorem 1.1. Let uε be a family of solutions to (4).
Then, up to a subsequence, there exist u ∈W 1,p(Ω) satisfying (5) such that
‖uε − u‖W 1,p(Ω) → 0 as ε→ 0.
In order to accomplish our goal, we study concentrated integrals on narrow strips from Rn+1
improving results from [6] at Section 2. A proof to Theorem 1.1 is given at Section 3.
2 Concentrated Integrals
To achieve a better understanding of the behavior from the nonlinear concentrated term, we first
analyze what it is called by [2, 5, 6] the concentrated (or concentrating) integral. Next, we introduce
a map to set our nonlinear term.
Proposition 2.1. If we define Gε(x) = εψ(x)g(x/ε), for ε0 > 0 sufficiently small there is a constant
C > 0, independent of ε ∈ (0, ε0) and uε ∈W
1,p(Ωε), such that, for all 1− 1/p < s ≤ 1,
1
εγ+1
∫
Oε
|uε|
q ≤ C‖uε‖
q
Lq(ω;W s,p(−1,Gε(x)))
∀q ≥ 1; and (7)
1
εγ+1
∫
Oε
|uε|
p ≤ C‖uε‖
q
W 1,p(Ωε)
∀q ≤ p. (8)
Proof. Notice that (7) follows by changing Hs space by W s,p, for 1− 1/p < s < 1, in [6, Theorem 4.1].
Consequently, to prove (8) we have
‖uε‖pLp(ω;W s,p(−1,Gε(x))) =
∫
ω
‖uε(x, ·)‖pW s,p(−1,Gε(x))dx ≤
∫
ω
‖uε(x, ·)‖p
W 1,p(−1,Gε(x))
dx ≤ ‖u‖p
W 1,p(Ωε)
since Lp(ω;W 1,p(−1, Gε(x))) ⊂ L
p(ω;W s,p(−1, Gε(x))) with constant of inclusion independent of ε
analogously to [7, Proposition 3.6]. In particular, since p ≥ 2, we have pq > 1 for all q < p and then,
‖ϕε‖
q
Lq(0,1;W 1,p(0,Gε(x)))
=
∫ 1
0
(∫ Gε(x)
0
|ϕε(x, y)|
pdy
) q
p
dx+
∫ 1
0
(∫ Gε(x)
0
|∂xϕε(x, y)|
pdy
) q
p
dx
≤ g
p−q
p
1
(∫ 1
0
∫ Gε(x)
0
|ϕε(x, y)|
pdxdy
) q
p
+ g
p−q
p
1
(∫ 1
0
∫ Gε(x)
0
|∂xϕε(x, y)|
pdxdy
) q
p
≤ C‖ϕε‖
q
W 1,p(Ωε)
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Given ε > 0, consider Gε(x) = εψ(x)g(x/ε) and, for 1− 1/p < s < 1, define
Fε :W
1,p(Ωε)→ (Lp(ω;W s,p(−1, Gε(x))))
′
uε 7→ 〈Fε(uε), ϕε〉 =
1
εγ+1
∫
Oε
f(uε)ϕε, ∀ϕε ∈ L
p(ω;W s,p(−1, Gε(x))). (9)
Proposition 2.2. If we call Xε = L
p(ω;W s,p(−1, Gε(x))) and X
′
ε its dual space, the function Fε
defined in (9) has the following properties:
(a) there exists K > 0 independent of ε such that supuε∈W 1,p(Ωε) ‖Fε(uε)‖X′ε ≤ K
(b) Fε is a Lipschitz application uniformly in ε.
Proof. (a) For uε ∈ Xε we have ‖Fε(uε)‖X′ε = sup‖uε‖Xε=1 |〈Fε(uε), ϕε〉|. Then for ε > 0, using f is
bounded and Proposition 2.1,
1
εγ+1
∫
Oε
|f(uε)ϕε| ≤
(
1
εγ+1
∫
Oε
|f(uε)|
q
) 1
q
(
1
εγ+1
∫
Oε
|ϕε|
p
) 1
p
≤ C sup
x∈R
|f(x)|h
1
q
1 ‖ϕε‖Xε
and then,
‖Fε(uε)‖X′ε ≤ sup
x∈R
|f(x)|h
1/q
1 ⇒ sup
uε∈W 1,p(Ωε)
‖Fε(uε)‖X′ε ≤ K
(b) Using f ′ bounded, by Proposition 2.1, we obtain, if q ≤ 2 is the conjugate of p ≥ 2,
1
εγ+1
∫
Oε
|f(uε)ϕε − f(vε)ϕε| =
1
εγ+1
∫
Oε
|f(uε)− f(vε)||ϕε|
≤
(
1
εγ+1
∫
Oε
[
sup
x∈R
|f ′(x)|q
]
|uε − vε|
q
)1/q ( 1
εγ+1
∫
Oε
|ϕε|
p
)1/p
≤ C‖uε − vε‖W 1,p(Ωε)|||ϕε‖Xε
Thus there exists L > 0 such that ‖Fε(uε)− Fε(vε)‖X′ε ≤ L‖uε − vε‖W 1,p(Ωε).
3 Convergence results
Our next step is to analyze what happens when ε goes to zero. Since our problems are defined in
varying domains Ωε that depends on ε, we will first set an extension operator which will help us
compare functions in a fixed domain U containing Ω¯ε for all ε > 0.
Proposition 3.1. The family Ωε admits a continuous extension operator Pε : L
p(Ωε) 7→ Lp(U),
where the open set U = U1 × U2 ⊂ R
n × R is such that the closure of Ωε is contained in U for
all ε > 0, and ‖Pεu
ε‖W 1,p(U) ≤ C0‖u
ε‖W 1,p(Ωε), ‖Pεu
ε‖Lp(U1;W s,p(U2)) ≤ Cs‖u
ε‖L2(0,1;W s,p(−1,Gε(x)))
and ‖Pεu
ε‖Lp(U) ≤ C1‖u
ε‖Lp(Ωε), where Gε(x) = εψ(x)g(x/ε) and the constants C0, Cs, C1 > 0 are
independent of ε > 0 with 0 ≤ s ≤ 1.
Proof. The proof follows with the extension operator defined in [6, Proposition 2].
Now, one can prove convergence results concerning to the concentrated integrals.
Proposition 3.2. Let U ⊂ Rn+1 an open set such that Ωε ⊂ U for all ε > 0. Then,
1
εγ+1
∫
Oε
u(x, y)ϕ(x, y)dydx −→
∫
Γ
µuϕdS, as ε→ 0,
for any u, ϕ ∈W 1,p(U) where µ(·) is given by (6) and Γ = ω × {0}.
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Proof. Due to [9, Theorem 1.4.2.1], we know that C∞c (U¯) := {u ∈ C
∞(U); u = v|U , com v ∈
C∞c (R
n+1)} is dense in W 1,p(U) and we can assume u, ϕ ∈ C∞c (U¯ ). Consider Gε(x) = εψ(x)g(x/ε)
and Hε(x) = h(x, x/ε
β). Then, performing the change of variables
y1 = x, y2 = (y −Gε(x) + ε
γ+1Hε(x))/(ε
γ+1Hε(x)),
we get
1
εγ+1
∫
Oε
u(x, y)ϕ(x, y)dydx =
1
εγ+1
∫
ω
∫ Gε(x)
Gε(x)−εγ+1Hε(x)
u(x, y)ϕ(x, y)dydx
=
∫
ω
∫ 1
0
u(y1, Gε(y1)− ε
γ+1Hε(y1)(1 − y2))ϕ(y1, Gε(y1)− ε
γ+1Hε(y1)(1 − y2))Hε(y1)dy2dy1
=
∫
ω
∫ 1
0
(u(y1, Gε(y1)− ε
γ+1Hε(y1)(1− y2))− u(y1, 0))ϕ(y1, Gε(y1)− ε
γ+1Hε(y1)(1− y2))Hε(y1)dy2dy1
+
∫
ω
∫ 1
0
u(y1, 0)(ϕ(y1, Gε(y1)− ε
γ+1Hε(y1)(1− y2))− ϕ(y1, 0))Hε(y1)dy2dy1
+
∫
ω
∫ 1
0
u(y1, 0)ϕ(y1, 0)(Hε(y1)− µ(y1))dy2dy1 +
∫
ω
µ(y1)u(y1, 0)ϕ(y1, 0)dy1
When ε→ 0, since Gε → 0 uniformly, we obtain
1
εγ+1
∫
Oε
u(x, y)ϕ(x, y)dydx →
∫
ω
µ(y1)u(y1, 0)ϕ(y1, 0)dy1 =
∫
Γ
µuϕdS.
We also have similar results concerning to nonlinearity f . The proof is analogous.
Corollary 3.3. Let U ⊂ Rn+1 an open set such that Ωε ⊂ U for all ε > 0. If u, ϕ ∈ W 1,p(U) and
f : R→ R is a bounded function of class C1, with bounded derivative, then
1
εγ+1
∫
Oε
f(u(x, y))ϕ(x, y)dydx →
∫
Γ
µf(u)ϕdS,
as ε→ 0, where µ(·) is given by (6) and Γ = ω × {0}.
Next, we analyze convergence in concentrated integrals.
Proposition 3.4. Let wε, uε ∈ W 1,p(Ωε) and w, u ∈ W
1,p(U) such that Pεu
ε ⇀ u and Pεw
ε ⇀ w in
W 1,p(U) where Pε is the extension operator given by Proposition 3.1. Then
1
εγ+1
∫
Oε
f(uε)wε →
∫
Γ
µf(u)wdS,
where µ(·) is given by (6) and Γ = ω × {0}.
Proof. Considering the extension operator Pε of Proposition 3.1, one gets by Corollary 3.3∣∣∣∣ 1εγ+1
∫
Oε
f(uε)wε −
∫
Γ
µf(u)wdS
∣∣∣∣ ≤
∣∣∣∣ 1εγ+1
∫
Oε
f(uε)(wε − w)
∣∣∣∣
+
∣∣∣∣ 1εγ+1
∫
Oε
(f(uε)− f(u))w
∣∣∣∣+
∣∣∣∣ 1εγ+1
∫
Oε
f(u)w −
∫
Γ
µf(u)wdS
∣∣∣∣
≤
(
1
εγ+1
∫
Oε
|f(uε)|q
)1
q
(
1
εγ+1
∫
Oε
|wε − w|p
) 1
p
+
(
1
εγ+1
∫
Oε
|f(uε)− f(u)|q
) 1
q
(
1
εγ+1
∫
Oε
|w|p
) 1
p
+
∣∣∣∣ 1εγ+1
∫
Oε
f(u)w −
∫
Γ
µf(u)wdS
∣∣∣∣
≤ sup
x∈R
|f(x)|h
1
q
1 ‖w
ε −w‖Xε + sup
x∈R
|f ′(x)|‖uε − u‖Xε‖w‖W 1,p(Ωε) +
∣∣∣∣ 1εγ+1
∫
Oε
f(u)w −
∫
Γ
µf(u)wdS
∣∣∣∣
≤ K1‖Pεw
ε − w‖XU +K2‖Pεu
ε − u‖XU ‖w‖W 1,p(U) +
∣∣∣∣ 1εγ+1
∫
Oε
f(u)w −
∫
Γ
µf(u)wdS
∣∣∣∣→ 0.
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Finally, we show our main result.
Proof of Theorem 1.1. (a) Uniform bound of solutions: Take ϕ = uε as a test function in (3). By
Proposition 2.2 (a), there exists K > 0 such that
‖uε‖
p
W 1,p(Ωε)
=
1
εγ+1
∫
Oε
f(uε)uεdxdy ≤ sup
v∈W 1,p(Ωε)
‖Fε(v)‖X′ε ≤ K,
which means that uε is uniformly bounded in W
1,p(Ωε).
(b) Limiting problem: Notice that we can rewrite our domain Ωε as Ωε = int(Ω ∪Rε), where
Rε =
{
(x, y) ∈ Rn+1 : x ∈ ω, 0 < y < εψ(x) g
(x
ε
)}
and Ω = ω × (−1, 0). Then, one can rewrite (3) as∫
Ω
{|∇uε|
p−2∇uε∇ϕ+ |uε|
p−2uεϕ}dxdy +
∫
Rε
{|∇uε|
p−2∇uε∇ϕ+ |uε|
p−2uεϕ}dxdy
=
1
εγ+1
∫
Oε
f(uε)ϕdxdy, ϕ ∈W
1,p(Ωε).
(10)
Since uε is uniformly bounded in W
1,p(Ωε), we have that uε restricted to Ω is uniformly bounded
in W 1,p(Ω). Therefore, there is u ∈W 1,p(Ω) such that, up to a subsequence,
uε|Ω ⇀ u weakly in W
1,p(Ω) and strongly in Lp(Ω).
Notice that from the above convergence one can prove that |uε|
p−2uε → |u|
p−2u strongly in Lp
′
(Ω).
Furthermore, the integral over Rε converges to zero, because Rε is a thin domain and uε is uniformly
bounded. Moreover, by Proposition 3.1, there is u∗ ∈W 1,p(U) such that, up to a subsequence,
Pεuε ⇀ u
∗ weakly in W 1,p(U) and strongly in Lp(U). (11)
It is not difficult to see that u∗|Ω = u in Ω.
Now, we identify the limit problem. For this sake, let v ∈ W 1,p(Ω). Using the monotonicity of
| · |p−2· we have
0 ≤
∫
Ω
(|∇uε|
p−2∇uε − |∇v|
p−2∇v)(∇uε −∇v). (12)
Taking test functions as ϕ = uε − Pεv, we can rewrite (10) as∫
Ω
|∇uε|
p−2∇uε(∇uε −∇v) =
1
εγ+1
∫
Oε
f(uε)(uε − Pεv)dxdy
−
∫
Ω
|uε|
p−2uε(uε − v)dxdy −
∫
Rε
{|∇uε|
p−2∇uε∇(uε − Pεv) + |uε|
p−2uε(uε − Pεv)}dxdy.
From (11) and Proposition 3.4, we get the right hand side of the above expression converges to∫
Γ
µf(u)(u− v)dS −
∫
Ω
|u|p−2u(u− v)dxdy.
On the other hand, ∫
Ω
|∇v|p−2∇v(∇uε −∇v)→
∫
Ω
|∇v|p−2∇v(∇u−∇v).
Thus, ∫
Ω
(|∇uε|
p−2∇uε − |∇v|
p−2∇v)(∇uε −∇v)
→
∫
Γ
µf(u)(u− v)dS −
∫
Ω
|u|p−2u(u− v)dxdy −
∫
Ω
|∇v|p−2∇v(∇u−∇v),
(13)
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and by (12), for any v ∈W 1,p(Ω),
0 ≤
∫
Γ
µf(u)(u− v)dS −
∫
Ω
|u|p−2u(u− v)dxdy −
∫
Ω
|∇v|p−2∇v(∇u−∇v). (14)
Now, let us take v = u+ λϕ for λ > 0 and ϕ ∈W 1,p(Ω) in (14). If we divide it by −λ, we get
0 ≥
∫
Γ
µf(u)ϕdS −
∫
Ω
|u|p−2uϕdxdy −
∫
Ω
|∇u− λ∇ϕ|p−2(∇u− λ∇ϕ)∇ϕ.
Hence, if λ→ 0 we get
0 ≥
∫
Γ
µf(u)ϕdS −
∫
Ω
|u|p−2uϕdxdy −
∫
Ω
|∇u|p−2∇u∇ϕ.
Proceeding in a similar way, we can get the reverse inequality for v = u − λϕ getting the limit
problem
0 =
∫
Γ
µf(u)ϕdS −
∫
Ω
|u|p−2uϕdxdy −
∫
Ω
|∇u|p−2∇u∇ϕ, ∀ϕ ∈W 1.p(Ω).
(c) Strong convergence: Using the monotonicity of | · |p−2·, there is a constant cp > 0 depending only
on p such that
‖uε − u‖
p
W 1,p(Ω)
≤ cp
∫
Ω
(|∇uε|
p−2∇uε − |∇u|
p−2∇u)(∇uε −∇u).
By (13) with v = u, one gets ‖uε − u‖W 1,p(Ω) → 0.
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